
Lecture 16   

Example Exercise 2 
 
 
 
 
 To apply the Behavior Theorem, find dy dx . 
 

( )ln 1
1'

1

y x

y
x

= −

=
−

 

 
The domain of ( )ln 1y x= −  only includes x-values such that 1x > .  Clearly, ' 0y >  ∀  1x > .  
Hence, the function increases throughout its domain by the Behavior Theorem. 
 

Example Exercise 3 
 
 
 
 
 To apply the Behavior Theorem, find 'f . 
 

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )2 2

sin cos

' sin cos cos sin

' sin cos

f x x x
d df x x x x x
dx dx

f x x x

= ⋅

= ⋅ + ⋅⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦

= − +

 

 
Since the derivative is defined for all real numbers, set 'f  equal to zero, to find the critical 
numbers of f.  Remember that we are only interested in values on the interval ( )0,π . 
 

( ) ( )
( ) ( )

2 2

2 2

sin cos 0

cos sin
3,

4 4

x x

x x

x π π

− + =

=

=

 

 
Note that ( )' 6 0f π > , ( )' 2 0f π < , and ( )' 5 6 0f π > .  By the Behavior Theorem, the 

function ( )f x  increases along 30, ,
4 4
π π π⎛ ⎞ ⎛ ⎞

⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

∪  and decreases along 3,
4 4
π π⎛ ⎞
⎜ ⎟
⎝ ⎠

.  Hence, a local 

extrema occur when 4x π=  and when 3 4x π= .   

 The point 1
4 2

f π⎛ ⎞ =⎜ ⎟
⎝ ⎠

 is a local maximum.  The point 3 1
4 2

f π⎛ ⎞ = −⎜ ⎟
⎝ ⎠

 is a local minimum. 

Show that ( )ln 1y x= −  always increases. 

Find any local extrema of ( ) ( ) ( )sin cosf x x x= ⋅  along ( )0,π . 
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Application Exercise 
 
 
 
 
 
  
 
 
 
 
 
 
 

 Let x represent the parts per million of carbon monoxide in the ambient 
atmosphere (ranging from 500 to 800).  Suppose the function ( )T x  gives the 
approximate duration in hours of human exposure before victims will fall into a 
carbon monoxide induced coma. 
 

( ) 20.0002 0.316 127.9T x x x= − +  
 
Consider the domain of ( )T x , which is 500 800x≤ ≤ .  Over what interval of the 
domain does the time before a person succumbs to carbon monoxide poisoning 
decrease? 
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Lecture 17   

Global Extrema
 
 The previous lecture looked at the derivative of f in order to find local extrema on f.  In 
this lecture, we will make a distinction between local extrema and global (or absolute) extrema.  
In layman's terms, global extrema correspond to points that contain the greatest or least value of f 
over an interval [a,b].  Consider the graph of f in Figure 1 below.   
 

 f

Figure 1

c1 a    c2 b 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Over the interval [a,b], the point ( )( ),c f c1 1  is a local minimum while the point  is a 

local maximum.  Of the two points, only 

( )( )2 2,c f c

( )1f c  is a global extremum because ( )1f c  is the least 

value of f on [a,b].  The local maximum at ( )2f c  is not a global maximum because ( )f a , not 

( )2f c , is the greatest value of f on [a,b].    

 Interestingly, continuity at point a is a requirement for ( )f a  to be a local extremum, but 

continuity at a is not a requirement for ( )f a  to be a global extremum.  Consequently, it is worth 

mentioning that in Figure 1 ( )f b  is not considered either a global nor a local minimum on the 

interval [a,b].  The value ( )f b  is not the least value of f on [a,b], so it is not a global minimum. 

Similarly, ( )f b  is not a local minimum because f is not continuous at b.  
 Formally, we define global extrema (or absolute extrema) as below. 
 

A function f has a global maximum (also called an absolute maximum) at c if 
( ) ( )f c f x≥  for all x in D, where D is the domain of f.  The number ( )f c  

is called the maximum value of f on D.  Similarly, f has a global minimum 
(also called an absolute minimum) at c if ( ) ( )f c f x≤  for all x in D and the 

number ( )f c  is called the minimum value of f on D.  The maximum and 
minimum values of f are called the extreme values of f. 

 
 
 
 
 
 
 
 
 
The Extreme Value Theorem follows from the definition above. 
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Lecture 17   

Extreme Value Theorem:  If f is continuous on a closed interval [a,b], then f 
attains an absolute maximum value ( )f c  and an absolute minimum value 

( )f d  at some numbers c and d in [a,b]. 

 
 
 
 
 
Consider the graphs of g and h in Figure 2. Using the Extreme Value Theorem, we can say that g 
is guaranteed to contain extreme values while h is not. 
 

Figure 2

hg 
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Lecture 17   

Practice Problems 
 

1st ed. problem set: Section 4.2   #7–9 odd, #15–23 odd, #37–45 odd 
2nd ed. problem set: Section 4.2   #7–9 odd, #15–21 odd, #35–43 odd 
3rd ed. problem set: Section 4.2   #7–9 odd, #15–21 odd, #37–47 odd 

 
Possible Exam Problems 

 
#1 Consider ( )F x x=  with a domain of [ )0,∞ .  Does F have a global minimum?  If so 
 what is it?  Under what conditions can F be guaranteed to have a global maximum. 
 
 Answer:   F has a global minimum of zero at 0x = . Restricting the domain so that some  
  number c serves as an upper bound on the domain of F, i.e., restricting the  
  domain to [ ]0,c guarantees that F has a global maximum by the Extreme  
  Value Theorem. 
 

#2 Find the absolute maximum of ( ) 2

4 4xq x
x
−

= . 

 Answer: ( )2 1q =  
 

Example Exercise 
 
 
 
 
 To apply the Behavior Theorem, find 'p . 
 

( )
( )

22 6 1

' 4 6

p x x x

p x x

= + +

= +
 

 
Set 'p  equal to zero, to find the critical numbers of p.   
 

4 6 0
4 6

6 3
1.5

x
x

x
x

+ =
= −
= −
= −

 

 
Note that ( )' 2 0p − <  and ( )' 0 0p > .  By the Behavior Theorem, the function ( )p x  decreases 

along ( ), 1.5−∞ −  then increases along ( )1.5,− ∞ .  Hence, the vertex, a global minimum, occurs 

at ( )1.5 3.5p − = − . 

Find the vertex for the parabola ( ) 22 6 1p x x x= + + . 
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Application Exercise 
 
 
 
 
 
  
 
 
 
 
 
 
 

 The decomposition of organic waste dumped into a pond reduces oxygen 
levels in the pond.  Suppose the function below gives the oxygen content of the pond 
as a percent of its natural (pre-contamination) level t days after contamination. 

( )
2

2

10 100100
20 100

t tP t
t t

⎛ ⎞+ +
= ⎜ ⎟+ +⎝ ⎠

 

What is the absolute lowest level of oxygen (expressed as a percent of pre-
contamination levels) that the pond suffers after contamination?  How many days 
does it take to reach this minimum level? 
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Lecture 18   

Concavity
 
 Lecture 16 looked at the derivative of f in order to find local extrema on f and to make 
conclusions about the behavior of f.  This lecture will discuss how to make conclusions about the 
shape of f using the second derivative of f.  Because it is a gainful exercise, we will first run 
through process of using imagined or superimposed tangent lines on f, to roughly sketch . 'f
 

Figure 1

a b 

f

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 Examining the graph in Figure 1, we see that the lines tangent to the curve at  and 

 are horizontal lines with a slope of zero.  It follows, then, that a and b are real roots of .  
We also see that the tangent lines on the interval 

x a=
x b= 'f

( ),a−∞  have negative slopes as do the lines 

tangent to f at points on the interval ( ),b ∞ . From this we gather that ' 0f <  on ( ) ( ), ,a b−∞ ∞∪ .  

Finally, we note that lines tangent to f on the intervals ( ),a b  all have positive slopes, which 
means  over the same interval.  These conclusions are summarized by the graph of  
below in Figure 2, but now we will repeat the process in order to envision . 

' 0f > 'f
''f

 
 
 
 
 
 
 
 
 

 
 
 
 
 f '

 b a 

Figure 2
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Lecture 18   

 Clearly, the line tangent to '  at f 0x = , has a slope of zero.  Just as clearly, lines tangent 
to  when  have positive slopes while those tangent to  when  have negative 
slopes.  We conclude, therefore, that  is positive on the interval 

'f 0x < 'f 0x >
''f ( ),0−∞ , negative on the 

interval , and equal to zero at zero as summarized by the graph below. (0,∞)
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 Before we compare the graph of f in Figure 1 to the graph of  in Figure 3, we will 
state a definition. 

"f

 

Figure 3

f "

 
 
 
 
 
 
Now, we are ready to compare the graph of f in Figure 1 to the graph of  in Figure 3. Doing 
so, we notice that where , f is concave up because '  is increasing and where 

"f
'' 0f > f '' 0f < , f is 

concave down because '  is decreasing .  We can generalize this observation with the following 
theorem. 

f

 

 

 
 
 
 
 
Furt
root
of co
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The Concavity of f Theorem:  If ( )'' 0f x >  on an interval, then f is concave up on 

that interval, and if  on an interval, then ( )'' 0f x < f is concave down on that interval.
he
 o
n

A
c

The shape of the graph of a function is said to be concave up on some interval I if
'f  is increasing on I.  The shape of the graph of a function is said to be concave 

down on I if 'f  is a decreasing on I. 
r comparison of the graph of f in Figure 1 to the graph of  in Figure 3 reveals that the 
f  corresponds to a change in concavity on f.  The point where f changes from one type 
cavity to another is called an inflection point. 

"f
"f

 
 

ssume f is continuous over the interval [a,b] that contains c such that .  If f 
hanges concavity at the point 

a c b< <
( )( ),c f c , then the point ( )( ),c f c  is an inflection point. 



Lecture 18   

 
The Concavity of f Theorem combined with the definition of an inflection point gives us another 
useful conclusion stated below. 
 

 
 
 
 
 
 
 
 
 
 
 
 C
inflectio
derivativ

 
Since f

of ('f x

 
Zero is t

Incident

 T
we inve
Rolle's T
interval 
tell us th
concavi
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Inflection Theorem:  Assume f is a continuous function on some interval I 
containing only one critical number c  of 'f .  Then ( )( ),c f c  is an inflection
point if each of the following conditions is true. 
 
  1.  f c . ( )'' 0=
  2.  The interval I contains a and b such that a c b< < . 
  3.  ''( )f a  has the opposite sign of ( )"f b . 
onsider ( ) 5 33 5f x x= + x .  Assume we want to find intervals of concavity and 
n points on f.  We need the second derivative, which, of course, requires the first 
e. 

( )
( )
( )

5 3

4 2

3

3 5

' 15 15

" 60 30

f x x x

f x x x

f x x

= +

= +

= + x

 

( )" x  is a polynomial function continuous over the number line, the only critical numbers 

)  are the roots of ( )"f x . 

( )
3

2

60 30 0

30 2 1 0

0

x x

x x

x

+ =

+ =

=

 

he only root of ( )"f x , so we conclude that zero is the only critical number of ( )'f x .  

ally, since ( )'' 0 0f = , the point ( )( )0, 0f

)
 is a possible inflection point on the graph of f. 

o determine if  is a point of inflection and to find the intervals of concavity, 
stigate the sign of  on either side of the critical numbers of ' .  Because we have 
heorem and all the roots of , it is only necessary to choose one value for each 

left of and right of ever critical number of , and any one number on each interval will 
e sign of  for every x-value on the interval so that we can make conclusions about the 

ty of f on that interval. 

( )(0, 0f
"f f

''f
'f

''f

( )" 1 0f − < ( )" 1 0f >

 is concave downf is concave upf

   0    1   –1 





Lecture 18   

Practice Problems 
 

1st ed. problem set: Section 2.10 #1 all parts, #11 all parts, #15–17 odd 
 Section 4.3 #3–5 odd, #7–11 part c only, #13–25 odd (all parts) 
2nd ed. problem set: Section 2.10   #1 all parts, #11 all parts, #15–17 odd, #23 
 Section 4.3 #3–5 odd, #7–13 part c only, #15, #17–29 odd (all parts) 
3rd ed. problem set: Section 2.9   #1 all parts, #11 all parts, #15–17 odd, #23 
 Section 4.3 #3–5 odd, #7–13 part c only, #15, #19–35 odd (all parts) 
    

 
Possible Exam Problem 

 
#1 Show that lnf x x  has no inflection points. 
 

Answer:  2

1"f x
x

, which is negative for all values of x.  By the concavity theorem, f  is 

always concave down.  Since f  never changes concavity, it has no points of inflection. 
 
#2 Sketch the graph of 

2

)( xexh  labeling all intercepts, extrema, inflection, asymptotes, and 
intervals of behavior and concavity. 
 
Answer: 
 
 
 
 
 
 
 
 
 
 
 

inflection

1 3,
52
2

inflection

1 3,
52

0

global maximum
       0,1

           

horizontal asymptote:  0y

increasing   ,0

decreasing   0,

1 1concave up , ,
2 2

1 1concave down ,
2 2

∪
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Example Exercise 1 
 
 
 
 
 Note that the function is equivalent to the piece-wise function below by the definition of 
the absolute value. 

( )
( )

ln      if 0
ln

ln        if 0

x x x
y x x

x x x

− <⎧⎪= = ⎨
≥⎪⎩

 

 
Since we are interested in the curve to the left of the origin, we consider the case where 0x < . 
 

( )

( ) ( ) [ ]

( )

( )

ln

' ln ln

1' ln 1

' 1 ln

y x x
d dy x x x x
dx dx

y x x
x

y x

= −

= ⋅ − + − ⋅⎡ ⎤⎣ ⎦

−
= ⋅ + − ⋅

−
= + −

 

 
Now we set this derivative equal to zero. 

( )
( )

1

1 ln 0

ln 1

1

x

x

x e

x
e

−

+ − =

− = −

− =

= −

 

 
Remember that this is the derivative of the function for negative x-values.  Note that 'y  is 
negative to the left of 1 e− , and 'y  is positive to the right of 1 e− .  Hence, the function is 
concave down along ( ), 1 e−∞ −  then concave up along ( )1 ,0e− .  By the Inflection Theorem a 
point of inflection occurs on the curve when 1x e= − .  Substituting 1 e−  for x into the function, 
we find the point of inflection. 

1 1ln

1 1

1

y
e e

y
e

y e

= − ⋅ −

= − ⋅−

=

 

 

The point of inflection left of the origin is 1 1,
e e

⎛ ⎞−⎜ ⎟
⎝ ⎠

. 

Find the point of inflection to the left of the origin on the curve described by lny x x= . 
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Example Exercise 2 
 
 
 
 
 
   
 Examine the end-behavior of the function by determining the limit of the function as x 
approaches ±∞ . 

( ) ( ) ( )

( ) ( ) ( )

3 23 2

3 23 2

lim 3 4 3 4

lim 3 4 3 4
x

x

x x

x x
→∞

→−∞

+ − = ∞ + ∞ − = ∞

+ − = −∞ + −∞ − = −∞
 

 
From this analysis, we see that the graph rises on the far right and falls on the far left. 
 Determine the derivative to apply the Behavior Theorem. 
 

( )
( )

3 2

2

3 4

' 3 6

f x x x

f x x x

= + −

= +
 

 
The roots of 'f  represent critical numbers of f . 
 

( )3 2 0
CN : 2, 0

x x + =

−
 

 
Note that ( )' 3 0f − > , ( )' 1 0f − < , ( )' 1 0f > .  Hence, f increases along ( ) ( ), 2 0,−∞ − ∞∪  and 

decreases along ( )2,0− , which means ( )2 0f − =  represents a local maximum while ( )0 4f = −  
represents a local minimum. 
 Determine the second derivative to apply the Concavity Theorem & Inflection Theorem. 
 

( )
( )

2' 3 6

" 6 6

f x x x

f x x

= +

= +
 

 
The roots of "f  represent critical numbers of 'f . 
 

( )6 1 0
CN :  1

x + =

−
 

 
Note that ( )" 2 0f − <  and ( )" 0 0f > .  Hence, f  is concave down along ( ), 1−∞ −  and concave 

up along ( )1,− ∞ , which indicates that ( )1 2f − = −  is a point of inflection on the graph. 

Describe the graph of ( ) 3 23 4f x x x= + − .  Use calculus to identify intervals of behavior 
and concavity. Use calculus to identify extrema and inflection points.  Use calculus to 
demonstrate end-behavior, that is, the behavior of the curve as x approaches ±∞ . 

140



   

Application Exercise 
 
 
 
 
 
  
 
 
 
 
 
 
 

 Curves described by 
( )2

221
2

x

y e
µ
σ

σ π

−
−

=  occur in probability and statistics.  

The constant µ  represents the mean of a population and the positive constant σ  
represents the standard deviation of the population.   Suppose for a particular 

population 0µ =  and 1
2

σ
π

= .  What are the inflection points of the curve? 
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Lecture 19   

Optimization 

 
 Lecture 17 discussed the extreme values of functions.  This lecture will apply the lesson 
from Lecture 17 to word problems. In this section, it is important to remember we are in 
Calculus I and are dealing one-variable functions.  Calculus III deals with multi-variable 
functions, but we are interested for now in one-variable functions.  Accordingly, if we need to 
find the maximum volume of a cylinder given by 2V r hπ= , then we need to be able to 
substitute for r in terms of h or for h in terms of r so that the volume formula becomes a function 
in one-variable. 
 Let's start off easy and find two nonnegative numbers that add to 44 such that the product 
of the two addends is as large as possible.   First, name the variables and any restrictions.  We are 
looking for two numbers, so we will name them x and y and note that 0 44x≤ ≤  and 0 44y≤ ≤ .    
Second, write the function to be optimized in this case P xy= .  Third, find a relation between 
the variables in this case 44x y+ =  so 44y x= − .  Fourth, reduce the function to be optimized 
to one variable using the relation from step three:  ( )44P x x= − .  Fifth, we find the extreme 
value of interest using the function from step four using either the first derivative or the second 
derivative test. 

244
' 44 2

44 2 0
44 2
22

" 2 0
22 corresponds to local 

maximum by second derivative test

P x x
P x

x
x

x
P

x

= −
= −
− =
=
=
= − <

∴ =

 

 
Finally, we use the information from step five to answer the question:  The two nonnegative 
numbers that add to 44 such that their product is as large as possible are 22 and 22 (remember 
that 44y x= −  and 44 22 22− = ).  ("Hey!" The reader says, "22 and 22 are not two numbers."  
Yes, 22 and 22 is a pair of numbers; they just are not distinct. The problem did not say that the 
two numbers must be distinct.) 
 Let's summarize the steps above then use the steps to solve another stated problem. 
 
 
 
 
 
 
 
 
 
 
 

1.  Name the variables and restrictions. 
2.  Write the function to be optimized. 
3.  Find a relation between the variables. 
4.  Reduce the function from step two to one variable   
     using the relation from step three. 
5.  Find the extreme values using the first derivative or       
     second derivate test. 
6.  Answer the question. 
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Here's a typical optimization problem:  If a closed tin can in the shape of a right-circular cylinder 
of volume 316  inπ , find the height and radius if the least amount of material is used to 
manufacture the tin can.  According to step one, we name the variables and restrictions.  We 
need to find height and radius:  h and r, both of which must be positive numbers because a can 
cannot have negative or zero dimensions. The material used is measured in surface area, which is 
given by 22 2S rh rπ π= + .  Thus, we have the function to be minimized (step two).  We can use 
the given volume to find a relation between the variables (step three): 
 

2

2

2

16
16

V r h
r h

h
r

π

π π

=

=

=

 

 
Substituting 216 r  for h into the surface area formula accomplishes step four (reducing the 
function to be optimized to one variable).  Now, we perform the second derivative test: 
 

( )
( )

( )( )

( )

( )

2
2

1 2

2

2 3

2 3

2
2

2
2

3

3

162 2

32 2
' 32 4

4 8 0

4 8 0

4 2 2 4 0

4 0   2 0    2 4 0

                    2

'' 64 4
64'' 2 4
2

'' 2 12 0
2 corresponds to local 

mi

S r r
r

S r r
S r r

r r

r r

r r r
r

r r r
r

r

S r

S

S
r

π π

π π

π π

π

π

π

π

π π
π π

π

−

−

−

−

−

⎛ ⎞= +⎜ ⎟
⎝ ⎠

= +

= − +

− + =

− =

− + + =

≠ − = + + ≠

=

= +

= +

= >

∴ =
nimum by the second derivative test

 

 
Since 216h r= , then when 2r = , 4h = .  Recall that the units given were in inches and state 
the answer:  the least material will be used if the can is 4 inches high and 2 inches in diameter. 
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Practice Problems 
 

1st ed. problem set: Section 4.6 #3, #5, #13 
2nd ed. problem set: Section 4.6 #3–11 odd, #19  
3rd ed. problem set: Section 4.6 #3–13 odd, #19  
 

Possible Exam Problem 
 
#1 A box must be manufactured to have a volume of 288 cubic inches where the base is a 
rectangle three times its width.  What dimensions of the box require the least material? 
 
 Answer: 12 inches  4 inches  6 inches× ×  
 
#2 Determine the dimensions of the largest field that can enclosed using 500 feet of fencing 
material with one side the field bordered by a river so that fencing is not needed on that side. 
 
 Answer: 250 feet × 125 feet 
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1
2

h

θ
a

r

Example Exercise 
 
 
 
 
 The function has two variables.  We need to relate the two variables. Draw a diagram. 
 
 
 
 
 
 
 
 
 
Note the right triangle with the base radius as one leg, one-half the height of the cylinder as the 
second leg, and the sphere’s radius as the hypotenuse.  Write equations relating the base radius 
and the height to the angle between the hypotenuse and the vertical leg. 
 

sin
sin

r a
r a

θ
θ

=
=

 and  cos 0.5
2 cos

h a
h a

θ
θ

=
=

 

 
Rewrite the function so that it depends on one variable.  Remember that the sphere’s radius is 
constant. 

( )( )
( )2

2

2 sin 2 cos

2 2sin cos

2 sin 2

S a a

S a

S a

π θ θ

π θ θ

π θ

=

=

=

 

 
Take the derivative and find the critical numbers. 
 

2

2

' 4 cos 2
4 cos 2 0
cos 2 0

4

S a
a

π θ

π θ
θ

θ π

=

=
=

=

 

 
Evaluating the second derivative at this critical number yields a negative value as below. 
 

( )

2

2

" 8 sin 2
" 4 8

S a
S a

π θ

π π

= −

= −
 

 
Hence, 4θ π=  maximizes the function.   Substituting into the equations above, we see 

2r a=  and 2 2h a= .  Therefore, the ratio 2h r = . 

A right-circular cylinder is to be inscribed in a sphere of constant radius a.  What is the ratio of the 
altitude to the base radius of the cylinder having the largest lateral surface area ( 2 )S rhπ= ? 
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Application Exercise 
 
 
 
 
 
  
 
 
 
 
 
 
 

 Suppose that a manufacturer requires that the aluminum containers for its 
product have a capacity of 54 cubic inches and take the shape of a right circular 
cylinder. Approximate the radius and height of the container that requires the least 
amount of aluminum. 
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L'Hospital's Rule 

  
 This lecture presents l'Hospital's Rule (pronounced "lōp-ĭ-talls"), which provides a 
technique for finding limits after direct substitution yields an indeterminant.   
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
In short, l'Hospital's Rule says that the limit of a quotient of functions is equal to the limit of the 
quotient of their derivatives, provided that certain conditions are satisfied.   
 Consider the limit below. 

0

sinlim
x

x
x→

 

 
Note that all the conditions for lHospital's Rule exist.  First, ( ) sinf x x=  and ( )g x x=  are both 
differentiable functions over some interval in this case .  Second, '( ) 0g x ≠ .  Third, 

0
limsin 0
x

x
→

=  and 
0

lim 0
x

x
→

= , which means that  
0

lim
x

f g
→

 is indeterminant.  Whenever we face an 

indeterminant that meets the necessary requirements, we apply lHospital's Rule. 
 

H

0 0

sin coslim lim cos0 1
1x x

x x
x→ →

= = =  

 
 
 Typically, if the limit yields an indeterminant, we look for a way to employ lHospital's 
Rule.   Indeterminants were discussed in Lecture 15 and are summarized by the box on the 
following page.   

L'Hospital's Rule:   Let f and g be functions that are differentiable on an open interval I, 
except possibly at the number a in I and that for all x a≠  in I, ( )' 0g x ≠ .  Suppose 

further that ( )lim 0
x a

f x
→

=  and ( )lim 0
x a

g x
→

=  or that ( )lim
x a

f x
→

= ±∞  and ( )lim
x a

g x
→

= ±∞ .  

Then it follows that if 
 

 
( )
( )
'

lim
'x a

f x
L

g x→
= , then 

( )
( )

lim
x a

f x
L

g x→
=  and we write 

( )
( )

( )
( )

H '
lim lim

'x a x a

f x f x
L

g x g x→ →
= = . 

 
The statement is valid if all the limits are right-hand limits or left-hand limits.  
 Moreover, let f and g be functions that are differentiable for all x c>  where c is a 
positive constant and that for all x c> , ( )' 0g x ≠ . Suppose further that ( )lim 0

x
f x

→∞
=  and 

( )lim 0
x

g x
→∞

=  or that ( )lim
x

f x
→∞

= ±∞  and ( )lim
x

g x
→∞

= ±∞ .  Then it follows that if 

 

 
( )
( )
'

lim
'x

f x
L

g x→∞
= , then 

( )
( )

lim
x

f x
L

g x→∞
=  and we write 

( )
( )

( )
( )

H '
lim lim

'x x

f x f x
L

g x g x→∞ →∞
= = . 

 
The statement is valid if x →∞  is replaced by x → −∞ . 
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If the limit yields an indeterminant product, difference or power, it is necessary to algebraically 
transform the argument of the limit so that the limit yields an indeterminant ratio (see the 
example with ( )cot

0
lim 1 x

x
x

+→
+  below).  

 Sometimes it takes more than one application of l'Hospital's Rule to find the limit.  
Consider the limit below.   

2

22

cos 3lim
cosx

x
xπ −→

 

 
After some examination, we see that 2cos 3 0x →  and 2cos 0x →  as ( )2x π −→ , which means 
we have the indeterminant ratio 0 0 .  Accordingly, we apply l'Hospital's Rule. 
 

( )2 H

22 2 2 2

3 2cos3 sin 3cos 3 6cos3 sin 3 sin 6lim lim lim 3 lim
2cos sin 2cos sin sin 2cosx x x x

x xx x x x
x x x x xxπ π π π− − − −→ → → →

⋅− ⋅
= = =

− ⋅ ⋅
. 

 
After some examination, we see that sin 6 0x →  and sin 0x →  as ( )2x π −

→ , which means we 
still have the indeterminant ratio 0 0 .  Accordingly, we reapply l'Hospital's Rule. 
 

H

2 2 2

sin 6 6cos6 cos6 13 lim 3 lim 9 lim 9 9
sin 2 2cos 2 cos 2 1x x x

x x x
x x xπ π π− − −→ → →

−⎛ ⎞= = = =⎜ ⎟−⎝ ⎠
 

 

Therefore, 
2

22

cos 3lim 9
cosx

x
xπ −→
= . 

Indeterminants  include indeterminant ratios: 
 

 1. 0
0

,    2. ∞
∞

; 

 
the indeterminant product: 
 
 3. 0 ⋅ ∞ ;  
 
the indeterminant difference: 
 
 4. ∞ −∞ ; 
 
and the indeterminant powers: 
 
 5. 00 ,  6. 0∞ ,   7. 1∞ . 
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 Sometimes we have to think of a way to make l'Hospital's Rule apply to the given limit.  
Consider the limit below. 

( )cot

0
lim 1 x

x
x

+→
+  

 
After some examination, we see that 1 1x + →  and cot x →∞  as 0x +→ , which means we have 
the indeterminant power 1∞ .  Accordingly, we look for a way to apply l'Hospital's Rule.  If we let 

( )cot1 xy x= + , then ( )ln cot ln 1y x x= ⋅ + , and we can write ( )ln ln 1 tany x x= +  to obtain: 
 

( )
0 0

ln 1
lim ln lim

tanx x

x
y

x+ +→ →

+
= ,  

 
to which we can apply l'Hospital's Rule because ( )ln 1 0x + →  and tan 0x →  as 0x +→ , which 
means we have the indeterminant ratio 0 0 . 
 

( ) H

20 0

1
ln 1 1lim lim 1

tan secx x

x x
x x+ +→ →

+ += =  

 
If ( )cot1 xy x= + , we know 

0
lim ln 1
x

y
+→

= , but we want to know 
0

lim
x

y
+→

.  Since ln ye y= , we can 

substitute for y as below. 
ln 1

0 0
lim lim y

x x
y e e e

+ +→ →
= = =  
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Practice Problems 
 

1st ed. problem set: Section 4.5 #1–29 odd, #35–37 odd 
2nd ed. problem set: Section 4.5 #5–35 odd, #41–43 odd 
3rd ed. problem set: Section 4.5 #5–39 odd, #45–47 odd, 
 

 
Possible Exam Problems 

 

#1  Evaluate 31

1 lnlim
3 2x

x x
x x→

− +
− +

. 

 

 Answer: 1
6

−  

 

#2  Given ( )
( )ln 2

3

xe
Q x

x

+
= , show that ( )Q x  has a horizontal asymptote of y = ⅓. 

 

 Answer: . 
( ) H H

1
ln 2 1 12lim lim lim lim lim

3 3 3 36 3 3

xx x xx

x xx x x x x

ee e ee
x e e→∞ →∞ →∞ →∞ →∞

⋅+ += = = =
+

 

 
 

#3  Evaluate ( )
5

0
lim cos3 x
x

x
→

⎡ ⎤
⎢ ⎥⎣ ⎦

. 

 
Answer:  1 
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Example Exercise 1 
 
 
 
 
 
 Direct substitution yields an indeterminant ratio; therefore, L’Hopital’s Rule applies. 
 

( )
2

1 1

1 2lim lim 2 1 2
1 1

H

x x

x x
x→ − → −

⎡ ⎤− ⎡ ⎤= = − = −⎢ ⎥ ⎢ ⎥+ ⎣ ⎦⎣ ⎦
 

 
Example Exercise 2 

 
 
 
 
 
 Direct substitution yields an indeterminant product, but the argument of the limit can be 
rewritten so that direct substitution yields an indeterminant ratio.   
 

( ) ( ) ( )1
2

10 0 0
2

ln
lim ln lim ln lim
x x x

x
x x x x

x
+ + +→ → → −

⎡ ⎤⎡ ⎤ ⎢ ⎥⎡ ⎤⋅ = ⋅ =⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦ ⎣ ⎦
 

 
Now, L’Hospital’s Rule applies, so we apply the rule as below. 
 

( )
1 30 0
2 2

ln 1lim lim
1
2

H

x x

x x

x x
+ +→ →− −

⎡ ⎤
⎡ ⎤ ⎢ ⎥
⎢ ⎥ = ⎢ ⎥
⎢ ⎥ ⎢ ⎥−⎣ ⎦ ⎢ ⎥⎣ ⎦

 

 
Simplifying the argument of the limit, we obtain the following. 
 

3 1
2 2

3 30 0 0 0 0
2 2

1 1 1 1lim lim lim 2 lim 2 lim 2
1 2
2

x x x x x

x x x x
x xx x

+ + + + +→ → → → →−

⎡ ⎤
⎡ ⎤⎛ ⎞⎢ ⎥ ⎡ ⎤⎛ ⎞ ⎡ ⎤⎢ ⎥⎜ ⎟ ⎡ ⎤= ÷ − = − = − = −⎢ ⎥ ⎢ ⎥⎜ ⎟ ⎢ ⎥ ⎣ ⎦⎢ ⎥⎜ ⎟ ⎢ ⎥⎢ ⎥ ⎝ ⎠ ⎣ ⎦⎣ ⎦− ⎝ ⎠⎣ ⎦⎢ ⎥⎣ ⎦

 

 
Now, direct substitution yields a number. 
 

0
lim 2 2 0 0
x

x
+→
⎡ ⎤− = − =⎣ ⎦

Evaluate 
2

1

1lim
1x

x
x→ −

⎡ ⎤−
⎢ ⎥+⎣ ⎦

. 

Evaluate ( )
0

lim ln
x

x x
+→
⎡ ⎤⋅⎣ ⎦ . 
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Example Exercise 3 
 
 
 
 
 
 Direct substitution yields an indeterminant power; therefore, L’Hospital’s Rule does not 

apply immediately. Let ( )
1

x xy e x= + .  Then, we obtain the following. 
 

( ) ( )

( )

1

LN LN

1LN LN

x x

x

y e x

y e x
x

⎡ ⎤
= +⎢ ⎥

⎣ ⎦

⎡ ⎤= ⋅ +⎣ ⎦

 

 
Now, we right the right side as a fraction and we take the limit of both sides. 
 

( ) ( )LN
lim LN lim

x

x x

e x
y

x→∞ →∞

⎡ ⎤+
⎢ ⎥=⎡ ⎤⎣ ⎦ ⎢ ⎥⎣ ⎦

 

 
Since the direct substitution gives an indeterminant ratio on the right side, we can apply 
L’Hospital’s Rule.   We repeat L’Hospital’s Rule until direct substitution does not give an 
indeterminant ratio. 

( ) ( )

( )

( )

( )

( ) ( )

LN
lim LN lim

1lim LN lim

lim LN lim
1

lim LN lim

lim LN lim 1

x

x x

xH

xx x

xH

xx x

xH

xx x

x x

e x
y

x

ey
e x

ey
e

ey
e

y

→∞ →∞

→∞ →∞

→∞ →∞

→∞ →∞

→∞ →∞

⎡ ⎤+
⎢ ⎥=⎡ ⎤⎣ ⎦ ⎢ ⎥⎣ ⎦
⎡ ⎤+

=⎡ ⎤ ⎢ ⎥⎣ ⎦ +⎣ ⎦
⎡ ⎤

=⎡ ⎤ ⎢ ⎥⎣ ⎦ +⎣ ⎦
⎡ ⎤

=⎡ ⎤ ⎢ ⎥⎣ ⎦
⎣ ⎦

=⎡ ⎤⎣ ⎦

 

 
Thus, we have ( )lim LN 1

x
y

→∞
=⎡ ⎤⎣ ⎦ .  Returning to the original problem, we were looking for 

[ ]lim
x

y
→∞

.  We can rewrite y as ln ye , so we have lnlim y

x
e

→∞
⎡ ⎤⎣ ⎦ .  We know that as x →∞ , LN 1y → ; 

thus, ln 1lim limy

x x
e e e

→∞ →∞
⎡ ⎤ ⎡ ⎤= =⎣ ⎦ ⎣ ⎦ .  So, ( )

1

lim x x
x

e x e
→∞

⎡ ⎤
+ =⎢ ⎥

⎣ ⎦
. 

Evaluate ( )
1

lim x x
x

e x
→∞

⎡ ⎤
+⎢ ⎥

⎣ ⎦
. 
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