Lecture 2.11
College Algebra

Instruction: Horizontal Asymptotes of Rational Functions
When a graph approaches a line, that line is an asymptote. The function below has a vertical

asymptote of x = 3, and a horizontal asymptote at y = 2. Since asymptotes are not part of the graph,
dotted lines are used to indicate asymptotes.

Many rational functions have asymptotes. Finding the asymptotes is an important step in graphing a
rational function, and this lecture will discuss how to find the horizontal asymptotes of a rational
function.

A horizontal asymptote is a line that the graph will approach as x-values approach infinity
and negative infinity. Horizontal asymptotes are linear equations of the formy = b, where b
is a real number equal to the y-value of the y-intercept of the asymptote.

Consider r,(x) :SZX—+411 . Since the degree of the denominator (two) exceeds the degree of the
X —

numerator (one), the function has a horizontal asymptote at y = 0. All rational functions whose
denominator's degree exceeds the numerator's degree have y = 0 as a horizontal asymptote.

If the degree of the denominator equals the degree of the numerator, the function will approach
y = the quotient of the leading coefficients of the numerator and the denominator. For example,
consider ry(x) below.

6x> +7

r,(xX)=——-
2 (%) 2x%+9

The leading coefficient of the numerator is six. The leading coefficient of the denominator is 2. The
quotient of six and two is three; thus, r,(x) has a horizontal asymptote aty = 3.

If the degree of the numerator exceeds the degree of the denominator, the function will not have a
horizontal asymptote.



Example Exercises 2.11

Instruction: Horizontal Asymptotes

Example 1
Finding the Horizontal Asymptote of a Rational Function

Consider R(x) = w where N(x) and D(x) are greater than zero-degree polynomial functions.

Is the following statement true or false? Statement: R(x) must have a horizontal asymptote.

Not all rational functions have horizontal asymptotes. If R(x) = N(x)/D(x), then R(x) will not
have an asymptote if the degree of N(x) is greater than the degree of D(x). The statement is false.

Example 2
Finding the Horizontal Asymptote of a Rational Function

_ 2
ConsiderQ(x) = 137 S 2); . Identify the horizontal asymptote of Q(x).

N(x) aXx"+a X" +--+aX+a,
D(x) X +C X"+ kX 4G,
R(x) will approach the horizontal line y = an/cp . For Q(x), n =2 =p, i.e., the degree of the

numerator equals the degree of the denominator. Moreover, a, =-2 and ¢, =3, i.e., the leading

coefficient of the numerator is negative two and the leading coefficient of the denominator is
three. Consequently, the horizontal asymptote of Q(x) is y = —2/3.

where n = p,

For any rational function of the form R(x) =

Example 3
Finding the Horizontal Asymptote of a Rational Function
. 200 : .
Consider V (x) = ( )2 . ldentify the horizontal asymptote of V(x).
X+3

N(x) a,x"+a, X" +--+aX+a,
D(X) ¢,x"+¢, X" + -+ X+
R(x) will approach the horizontal line y =0. For V(x), n < p, i.e., the degree of the numerator (0)

is less than the degree of the denominator (2). Consequently, the horizontal asymptote of V(x) is
y=0.

where n < p,

For any rational function of the form R(x) =



Practice Set 2.11

Find the horizontal asymptotes of the following rational functions. Some of the functions
may not have a horizontal asymptote.

2
#1 f(x)= 27X—+3
X“+11x+ 28
X+2
#2 rx)=————
9 x> +4x+3
X —4
#3 R(X)=—————
9 6x> —7x -5
#4 X) =
1) =——
2 —
5 Q=21
X+2
46 )= XX
X% +2x2-7x -2
3 2 _
47 D(x):3x +2>; 7X—-5
4x° +1
3 —
w8 gy ==
x—1
12
#9 h(x) =
() X +4x°—x -4
#10 p(x) = x-1
x-1
ANSWERS
#lHA: y=7
#2HA:y=0
#3IHA:y =g
#4A HA:y=0
#5 HA: None, the rational function does not have a horizontal asymptote.
#6 HA:y=-1
#7THA:y =%,
#8 HA: None, the rational function does not have a horizontal asymptote.
#OHA:y=0

#10 HA: None, the rational function does not have a horizontal asymptote.



Assignment 2.11

Problems

Find the horizontal asymptotes of the following rational functions. Some of the functions may not have
a horizontal asymptote.

X
1 f(x)=
(x) NERPS
X+3
2 X)=———
9() x? —x—30
X’ —4
3 h(x\)=———
) X2 +9x+14
] 17 —3x
4 X) =
19 2X+1
3_
5 R =X =8
X+2
6 r(x) =+
X
x> +2X+7
7 QX)=———
X+1
6 —5x°

8 a0 =—73



Lecture 2.12
College Algebra
Instruction: Slant (or Oblique) Linear Asymptotes of Rational Functions
When a graph approaches a line, that line is an asymptote. The function below has a vertical

asymptote of x = 3, and a horizontal asymptote at y = 2. Since asymptotes are not part of the graph,
they are indicated using dotted lines.

The above graph shows two asymptotes, one vertical and one horizontal. Some rational functions have
oblique linear asymptotes also called slant asymptotes.

An obligue asymptote is a line that the function will approach as the x-values approach
infinity or negative infinity. Oblique asymptotes can be described using an equation of the
formy = mx + b where m and b are real numbers and m = 0.

Oblique asymptotes occur in rational functions that have a numerator with a degree that is exactly one
larger than the degree of the denominator. For example consider R(x) below.
3
X*—7x—-6
R(X)=————
) X2 -4
Since the degree of the numerator (three) exceeds the degree of the denominator (two) by exactly one,
the function has a slant asymptote. The slant asymptote will take the equation: y = the quotient without
the remainder (if there is no remainder, there is no linear asymptote). Consequently, performing long
division finds the equation of the slant asymptote:
X
x* +0x—4>x3 +0x* -7x—6

—(x* +0x2 - 4x)
—-3Xx—6
Discard the remainder (- 3x —6). The quotient without the remainder is the slant asymptote. So, R(x)
has a slant asymptote at y = x. Even though the remainder is discarded while determining the equation
of the slant asymptote, it is sometimes important. For our class, the remainder is only important

because it shows that the denominator does not cancel completely with factors in the numerator. If this
did happen (i.e., if there was no remainder), there would not be a linear slant asymptote.




Example Exercises 2.12

Instruction: Slant (Oblique) Asymptotes

Example 1
Finding the Slant Asymptote of a Rational Function

N(x)  a,x"+a, X" +--+aX+a,
D(X) ¢, XP+C, X"+ +CX+C
Under what conditions is the following statement true? Statement: R(x) will approach a linear
slant asymptote as x-values approach infinity and negative infinity.

Consider R(x) = where D(x)#0, p=#0,and n=p+1.

If R(x) = N(x)/D(x) and the degree of N(x) is exactly one greater than the degree of D(x),

which is greater than zero, then R(x) will approach a slant asymptote as x-values approach
infinity and negative infinity provided that D(x) is not a factor of N(x). The statement is true
under the condition that D(x) is not a factor of N(x). In other words, the statement is true if the

quotient N(x)/D(x) has a non-zero remainder.

Example 2
Finding the Slant Asymptote of a Rational Function

_ 3
ConsiderQ(x) = 2 26X1 . ldentify the slant asymptote of Q(X).
X2 +

Examine the degree of the numerator, n, and the degree of the denominator, p: 3=2+ 1.

Since the degree of the numerator exceeds the degree of the denominator by exactly one, the
rational function may have a slant asymptote provided that the denominator is not a factor of the
numerator. Divide the denominator into the numerator.

—2X
3x° +0x+1> —6x*+0x?>+0x+5

—(—6x3 +0x% — 2x)

2X+5
5-6x° 2X+5
—— = 2X+
3x°+1 3x°+1

Since the quotient has a non-zero reminder, the denominator is not a factor of the numerator, and
the slant asymptote takes the form "y = quotient without remainder.” Consequently, the slant
asymptote is y = —-2x.



Example Exercises 2.12

Example 3
Finding the Slant Asymptote of a Rational Function

Consider f(x) =

x> +6X+8

f(x) and f(x) is a decreasing function as x-values approach infinity.

. Show that the difference between the slant asymptote of
X+

Compare the degree of the numerator and the degree of the denominator: 2 =1 + 1.

Since the degree of the numerator exceeds the degree of the denominator by exactly one, the
rational function may have a slant asymptote provided that the denominator is not a factor of the
numerator. Divide the denominator into the numerator.

X+3
x+3> x* +6X+8
—(x2+3x)
3x+8
—(3x+9)
-1
x* +6Xx+8 1
Sl o VY SR
X+3 X+3

Since the quotient has a non-zero reminder, the denominator is not a factor of the numerator, and
the slant asymptote takes the form "y = quotient without remainder." Consequently, the slant
asymptote is y = x + 3.

Write the difference of y = x +3 and f(x).

x+3—(

x> +6x+8
X+3

Rewrite f(x) using the quotient from above.

SX+3oX-B+ =

X+3— x+3—L
X+3 X+3 X+3

Since the difference of y = x+3 and f(x) is a fraction with one as the numerator and a
denominator that increases as x-increases, the fraction will decrease in value as x increases.



Practice Set 2.12

Find the oblique asymptotes (also called slant asymptotes) of the following rational
functions. Some of the functions may not have oblique linear asymptotes.

2
Mo f(x) =t
X_
_ 2
#or(x) =22
X+2
2
43 R(x):2x +3
4—x
X} —4x°* + X +6
#4 X) =
9(x) X* 4+ X—2
x* —36
#3 Q(x) =
X—6
x® — X
#6 d(X)=———
9 x* —16
3 2
47 D(x)—x +3X° +2Xx+6
x> +2
. g()()_x3’+4x2+5x+2
X +x+1
2_
#9 h(x):M
X+7
2_
#0  poo=X—1
X+2
ANSWERS
#LSA:y=x+2

#2SAy=—x+3

#3SA:y=-2x-8

#4 SA:y=x-5

#5 SA: None, the rational function does not have an oblique asymptote.
#6 SA: None, the rational function does not have a oblique asymptote.
#7 SA: None, the rational function does not have a oblique asymptote.
#83SA:y=x+3

#9 SA:y=10x-70

#10SA:y=x-2



Assignment 2.12

Problems

Find the slant asymptotes of the following rational functions. Some of the functions may not have slant
asymptotes.

2
1 f(x):x +9x+20
X+7
x® -8
2 g(x) =
X+2
2_
3 h(x):x 10x+9
X+8
X2 —x—-12
4 R(X)=—

X—4
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